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Abstract
We prove different forms of the Nullstellensatz for difference fields and
absolutely flat simple difference rings, called pseudofields. A difference
ring is a ring on which an arbitrary group is acting by means of ring
automorphisms.
1 Introduction
We develop a basis for a geometric theory of difference equations. The latter
means that we want the solutions of difference equations to be points of some
“affine space”. Such a theory should be used in the Galois theory of differential
and difference equations with difference parameters. A first example of such a
theory with its application to the Galois theory of difference equations can be
found in [15] and [2], respectively. We plan to apply the results of this paper to
develop a general Galois theory with difference parameters. It should be noted
that, in the case of one difference operator, there is another approach, which is
being developed in [18].
One could proceed in the following two different ways. The first approach
comes from the ACFA theory (see a detailed survey in [4] and also [6]), where we
consider only solutions in fields. A differential Galois theory based on difference
fields can be found in [10, Chapter 8]. The second approach says that we
should extend the class of fields to a wider class. Usually, people use the class
of finite products of fields (see [1, 2, 5, 8, 14, 15, 16, 17, 19]). It turns out
that, for the needs of geometric theory, finite products of fields are not good
enough. Our main result is that we have found the desired class of rings called
pseudofields. And the main theorem says that every difference pseudofield (in
particular, difference field) embeds into a difference closed pseudofield, that
is an analogue of an algebraically (differentially) closed field in commutative
(differential) algebra (Theorem 25). This result allows to consider all necessary
solutions of any set of difference equations in a one fixed pseudofield.
Our difference closed field (see our general definition in Section 3.1) should
be considered as a generalization of a model of the ACFA theory. For such
fields, we prove two versions of the Nullstellensatz, that are Theorem 9 and 14.
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Moreover, we show that our results hold even in the case of an arbitrary set of
difference indeterminates (Theorems 11 and 17 for fields, and 28 for pseudofields,
respectively).
It should be noted that the most important thing was to find the right
definition of a pseudofield. Earlier, people used only finite products of fields
to study solutions of difference equations. But, if we want to study solutions
of “all possible equations”, we should use another structure. Our solution is
using absolutely flat rings, which are a direct generalization of finite products of
fields. Also, we note that absolutely flat difference rings have been considered
in [9]. Moreover, this new class of rings requires to develop absolutely new
machinery, which is presented in the paper. We notice that the key role in our
paper is played by pseudoprime ideals and the ring of functions presented in
Section 3.2. Pseudoprime ideals in different forms appeared in [15, 18, 19]. The
ring of functions was used in [11, 12]. In the latter papers, the authors use
slightly different terminology.
The paper is organized as follows. In Section 3, we give all necessary def-
initions and recall some basic facts. Section 4 is devoted to discussion of the
subject of the paper. We explain the meaning of the difference closedness for
difference rings and show how the general point of view gives us the notions
of difference closed fields and pseudofields. The rest of the paper consists of
two parts devoted to fields and pseudofields, respectively. In Sections 5 and 6,
we prove that every difference field embeds into a difference closed field (Theo-
rem 9) and show a strong version of the difference Nullstellensatz for difference
closed fields (Theorem 14). The case of infinitely many difference indetermi-
nates is given separately. In Section 7, we deal with pseudofields. We prove
that every pseudofield embeds into a difference closed one (Theorem 25). The
case of infinitely many indeterminates is also presented in the last section.
Acknowledgment. I am grateful to Alexey Ovchinnikov for his helpful sug-
gestions, to Alexander Levin for the interest to the paper and help in learning
difference algebra, and to Michael Wibmer for a conversation of the material.
2 The detailed structure of the paper
Here, we describe some technical details of the paper.
Section 3 is devoted to basic notions and facts. In Section 3.1, we give all
necessary definitions. We underline that pseudoprime ideals and their relation
with the usual spectrum play the key role in our paper. Precisely, we use the
continuous map pi from the spectrum to the pseudospectrum. This relation
reduces the difference problem to a commutative one. In Section 3.2, we recall
the notion of the ring of functions. Since we do not have a pseudofield of
fractions we have to use Proposition 1 allowing to embed an arbitrary simple
difference ring into a pseudofield.
Section 4 is divided into two parts. In the first one, we discuss the notion of
difference closed ring and a weak form of the difference Nullstellensatz for fields
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(Proposition 4) and pseudofields (Propositions 3). As in the second part, we
extend the subject to an arbitrary set of difference indeterminates (Proposition 6
for fields and Propositions 5 for pseudofields, respectively).
Section 5 is devoted to difference fields. Our important technical tool is
Proposition 7 allowing to deal with non-Noetherian rings (this is a generaliza-
tion of the Hilbert basis theorem). In Section 5.1, we show that every difference
field embeds into a difference closed one (Theorem 9). Since we have some prob-
lems with compatibility, we have to slightly modify Artin’s proof of the similar
fact for fields. We use only tensor products of compatible integral domains.
In Section 5.2, we show that every difference field embeds even into a κ-closed
difference field (Theorem 11). This fact has absolutely the same proof but the
statements of these theorems are slightly different. A difference closed field is a
natural generalization of a model of the ACFA to the case of an arbitrary set of
difference operators. Section 6 is devoted to a strong version of the difference
Nullstellensatz for fields. Section 6.1 deals with finitely many difference indeter-
minates (Theorem 14), and Section 6.2 with infinitely many ones (Theorem 17).
To prove these theorems, we are able to use the usual localization because we
deal with perfect difference ideals.
In Section 7, we extend our theory to the case of pseudofields. This case
is much harder than the case of difference fields. In particular, if we deal with
fields, we can use the Hilbert basis theorem and the localization. But, if we deal
with pseudofields, we have to produce absolutely new machinery. Proposition 22
is an analogue of the Ritt-Raudenbush basis theorem. To prove Proposition 22,
we use a bound on the number of prime ideals in a pseudofield (Proposition 19).
To apply the Artin proof for the existence of a difference closed pseudofield con-
taining a given one, we show that the tensor product operation over a pseudofield
has no “zero-divisors” (Proposition 21). As above, Section 7.1 is devoted to the
case of finitely many difference indeterminates (Theorem 25), and Section 7.2
to the case of infinitely many ones (Theorem 28). It should be noted that, at
present, we do not have an analogue of the strong version of the Nullstellensatz
for pseudofields. Partially, this happens because we cannot use the localization.
3 Terms and notation
3.1 Definitions
Let Σ be an arbitrary group. This group will be fixed during the paper. A ring
A will be said to be a difference ring if A is an associative commutative ring
with an identity element such that the group Σ is acting on A by means of ring
automorphisms. A difference homomorphism is a homomorphism preserving
the identity element and commuting with the action of Σ. A difference ideal is
an ideal stable under the action of the group Σ, that is σ(a) ⊆ a for all σ ∈ Σ.
Sometimes, we will write Σ instead of the word difference. A simple difference
ring is a difference ring such that the zero ideal is its unique proper difference
ideal. For every ideal a ⊆ A and every element σ ∈ Σ, the image of a under σ
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will be denoted by aσ. A difference ring A will be called a pseudofield if A is an
absolutely flat simple difference ring.
It should be noted that we obtain usual difference rings if Σ is a free finitely
generated abelian group. Moreover, since we consider the action of a group
instead of a monoid, all our rings are inversive. In particular, all our difference
ideals are reflexive in sense of [7] and [10].
The set of all, radical, prime, maximal ideals of A will be denoted by IdA,
RadA, SpecA, MaxA, respectively. The set of all difference ideals of A will be
denoted by IdΣA. RadΣA will denote the set of all radical difference ideals of
A.
The definition of a pseudoprime ideal was given in [15] in the most general
case (the definition in some particular case was given in [19]). Let S ⊆ A be
a multiplicatively closed subset in a difference ring A and let q be a maximal
Σ-ideal not meeting S. In this case, the ideal q will be called a pseudoprime
ideal. The set of all pseudoprime ideals will be denoted by PSpecA and will
be called the pseudospectrum of A. The set of all maximal difference ideals of
A will be denoted by MaxΣA. Every maximal difference ideal is pseudoprime.
For we should take S = {1}. For an ideal a and a multiplicatively closed set S,
the ideal
{x | ∃s ∈ S : xs ∈ a}
will be denoted by a : S∞.
For every ideal a ⊆ A, the largest Σ-ideal contained in a will be denoted
by aΣ. Such an ideal exists because it coincides with the sum of all difference
ideals contained in a. Note that
aΣ = { a ∈ a | ∀σ ∈ Σ: σ(a) ∈ a }.
So, we have the following map
pi : IdA→ IdΣA
defined by a 7→ aΣ. A straightforward calculation shows that, for every family
of ideals aα, we have
pi(
⋂
α
aα) =
⋂
α
pi(aα).
We see that, for any ideal a, we have
aΣ =
⋂
σ∈Σ
aσ.
Note that the restriction of pi to the spectrum gives the map
pi : SpecA→ PSpecA.
The ideal p will be called Σ-associated with pseudoprime q if pi(p) = q. Let q be
a pseudoprime ideal and let S be a multiplicatively closed set from the definition
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of q, then every prime ideal containing q and not meeting S is Σ-associated with
q. So, the map pi : SpecA→ PSpecA is surjective.
If S is a multiplicatively closed subset in A, then the ring of fractions of A
with respect to S will be denoted by S−1A. If S = {tn}∞n=0, then S
−1A will
be denoted by At. If p is a prime ideal of A and S = A \ p, then S
−1A will
be denoted by Ap. The residue field of a prime ideal p is the field of fractions
of A/p and is denoted by k(p). If A is an integral domain, then the field of
fractions of A will be denoted by Qt(A).
For every subset X of a difference ring A, the smallest difference ideal con-
taining X will be denoted by [X ] and the smallest perfect difference ideal con-
taining X will be denoted by {X} [10, Chapter 2, Section 2.3, Definition 2.3.1].
The radical of an ideal a will be denoted by r(a). The inclusion r([X ]) ⊆ {X}
always holds. The smallest ideal generated by the set X will be denoted by (X).
The set of all perfect difference ideals of a ring A will be denoted by Radperf A
and the set of prime difference ideals will be denoted by SpecΣA.
Let f : A → B be a homomorphism of rings and let a and b be ideals of
A and B, respectively. We define the extension ae of a to be the ideal f(a)B
generated by f(a) in B. The ideal f∗(b) = f−1(b) is called the contraction of
b and is denoted by bc. If a homomorphism f : A → B is difference and ideals
a and b are difference, then their extensions and contractions, respectively, are
difference.
Let f : A→ B be a Σ-homomorphism of difference rings and let q be a pseu-
doprime ideal of B. The contraction qc is pseudoprime because pi is surjective
and commutes with f∗. So, we have a map from PSpecB to PSpecA. This map
will be denoted by f∗Σ. It follows from definition that the following diagram is
commutative
SpecB
f∗
//
pi

SpecA
pi

PSpecB
f∗Σ // PSpecA
The ring of difference polynomials A{Y } over A in variables Y is the poly-
nomial ring A[ΣY ] (that is the polynomial ring in variables denoted by σy for
all σ ∈ Σ and y ∈ Y ), where Σ is acting in the natural way (σ(τy) = (στ)y).
A difference ring B will be called a difference A-algebra if there is a differ-
ence homomorphism A→ B. It is clear that every difference A-algebra can be
presented as a quotient ring of a difference polynomial ring over A.
For an arbitrary difference ring A and an arbitrary set Y , an arbitrary differ-
ence polynomial f ∈ A{Y } involves only finitely many indeterminates. There-
fore, f can be considered as a function on AY . Thus, we can speak about zeros
of difference polynomials in the “affine space” AY and about polynomials van-
ishing on some subset. If E ⊆ A{Y }, then V (E) ⊆ AY will denote the set of
all common zeros of E in AY . And, for an arbitrary subset X ⊆ AY , we set
I(X) to be the set of all difference polynomials vanishing on X . We will use
this notation for finite and infinite sets Y . For the convenience, the sets V (E)
will be called difference algebraic varieties.
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3.2 The ring of functions
Let us recall the definition of the ring FB (see [15, Section 3.3]). For an arbitrary
commutative ring B, the set of all functions from Σ to B will be denoted by
FB, i. e., FB = BΣ. As a commutative ring, it coincides with the product∏
σ∈ΣB. The group Σ is acting on FB by the rule σ(f)(τ) = f(σ
−1τ). For
every element σ of Σ, there is the substitution homomorphism
γσ : FB → B
f 7→ f(σ)
It is clear that γτ (σf) = γσ−1τ (f).
The following statement is proved in [15, Proposition 6].
Proposition 1. Let A be a difference ring, B is a ring, and ϕ : A → B is
a homomorphism. Then, for every σ ∈ Σ, there exists a unique difference
homomorphism Φσ : A→ FB such that the following diagram is commutative
FB
γσ

A
ϕ
//
Φσ
==
{
{
{
{
{
{
{
{
B
4 The statement of problem
In this section, we will discuss different kinds of the difference Nullstellensatz
appearing in difference algebra and prepare some statements for further use.
In commutative algebra, the Hilbert Nullstellensatz shows a relation between
the set of solutions of a systems of polynomial equations with the set of radical
ideals in a polynomial ring. We will find the similar relation in the difference
case.
4.1 Difference closed fields and pseudofields
Firstly, we consider the case of finitely many difference indeterminates. Consider
the following two assertions about a difference ring A.
(A1) For every natural n and every proper difference ideal a ⊆ A{y1, . . . , yn},
there is a common zero for a in An.
(A2) For every natural number n and every subset E ⊆ A{y1, . . . , yn}, if there
exists a common zero for E in Bn for some ring B containing A, then
there exists a common zero for E in An.
Proposition 2. If condition (A1) holds for a difference ring A, then A is
simple.
Proof. Suppose not, there is a nontrivial difference ideal a ⊆ A. Then the ideal
a{y1, . . . , yn} is not trivial and has no common zeros in A
n for all n.
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Proposition 3. For an arbitrary difference ring A, conditions (A1) and (A2)
are equivalent.
Proof. (A1)⇒(A2). Suppose that, for some subset
E ⊆ A{y1, . . . , yn},
there is a ring B containing A and a common zero b ∈ Bn for E. Consider the
substitution homomorphism
A{y1, . . . , yn} → B,
where yi 7→ bi. Then its kernel is a proper difference ideal containing E. There-
fore, the ideal [E] is a proper difference ideal. Now, by (A1), we have a common
zero in An.
(A2)⇒(A1). Let a ⊆ A{y1, . . . , yn} be a proper difference ideal, the ring
A{y1, . . . , yn}/a be denoted by B, and the images of yi be denoted by bi. Then
bi give a common zero in B
n for a. Now, (A2) gives a common zero for a in
An.
We are interested in difference rings satisfying these equivalent conditions.
It should be noted that we use all difference ideals a in condition (A1) and that
we use all difference rings B in condition (A2). We can weaken these conditions.
For (A1), we can use only perfect difference ideals and, for (A2), we can use
only integral domains. Now, suppose that the ring A is an integral domain. So,
we have the following.
(B1) For every natural number n and every proper perfect difference ideal
a ⊆ A{y1, . . . , yn}, there exists a common zero for a in A
n.
(B2) For every natural number n and every subset E ⊆ A{y1, . . . , yn}, if there
is a common zero for E in Bn, where B is a difference integral domain
containing A, then there is a common zero for E in An.
It should be noted that the condition “A to be an integral domain” is some-
what important in these definitions (see the proposition below). We need it
to avoid the following pathologic situation. It could be that A is not an inte-
gral domain and does not contain any prime difference ideal. Then such a ring
satisfies both definitions. And again, these conditions are equivalent.
Proposition 4. If A is a difference integral domain, then conditions (B1) and
(B2) are equivalent.
Proof. (B1)⇒(B2). This part of the proof is absolutely the same as in the
proof of Proposition 3.
(B2)⇒(B1). Let t ⊆ A{y1, . . . , yn} be a proper perfect difference ideal. By
Zorn’s lemma, there exists a maximal perfect difference ideal p containing t.
The ideal p is prime. Indeed, let a /∈ p be an arbitrary element and S be the
multiplicatively closed subset generated by elements σ(a) for all σ ∈ Σ. Since
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p is perfect, S ∩ p = ∅. By definition, we have p ⊆ p : S∞ and S ∩ p : S∞ =
∅. Therefore, p = p : S∞. So, every element a not belonging to p is not a
zero devisor modulo p. (Another proof for Σ = Nn is given in the proof of
Proposition 2.3.4 of [10, Chapter 2, Section 2.3]).
Let us denote the quotient ring A{y1, . . . , yn}/p by B and the images of yi
by bi. Then bi form a common zero for t in B
n. Now, from (B2), it follows that
there is a common zero for t in An.
We can simply modify condition (B2) as follows.
(B2’) For every natural number n and every subset E ⊆ A{y1, . . . , yn}, if there
is a common zero for E in Bn, where B is a difference field containing A,
then there is a common zero for E in An.
In the further text, we will study pseudofields satisfying conditions (A1)
and (A2) and fields satisfying (B1) and (B2). The corresponding pseudofields
and fields will be called difference closed. We will prove that every difference
pseudofield (field) embeds into a difference closed pseudofield (field).
4.2 κ-difference closed fields and pseudofields
In the previous section, we deal with difference polynomials in finitely many
variables. In this one, we will describe a general notion of κ-closedness. Here,
κ is supposed to be a fixed infinite cardinal.
Let Y be an arbitrary infinite set of cardinality κ. Consider the following
two assertions about a difference ring A.
(A1) For every proper difference ideal a ⊆ A{Y }, there is a common zero for
a in AY .
(A2) For every subset E ⊆ A{Y }, if there exists a common zero for E in BY ,
where B is a ring containing A, then there exists a common zero for E in
AY .
As in the previous section we have.
Proposition 5. For an arbitrary difference ring A, conditions (A1) and (A2)
are equivalent.
Proof. The proof is absolutely the same as the proof of Proposition 3, so, we
omit it.
And using only perfect difference ideals, we get the following conditions.
(B1) For every proper perfect difference ideal a ⊆ A{Y }, there exists a common
zero for a in AY .
(B2) For every subset E ⊆ A{Y }, if there is a common zero for E in BY , where
B is a difference integral domain containing A, then there is a common
zero for E in AY .
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Proposition 6. For an arbitrary difference integral domain A, conditions (B1)
and (B2) are equivalent.
Proof. We omit the proof because it repeats the proof of Proposition 4.
Pseudofields satisfying properties (A1) and (A2) will be called κ-closed
pseudofields, and difference fields satisfying (B1) and (B2) will be called κ-
closed difference fields. We will prove that every pseudofield (field) embeds
even in a κ-closed pseudofield (difference field).
It should be noted that the notion of κ-closedness is an analogue of κ-
saturation for models in model theory (see [13, Chapter 9, Section 2]). Namely,
κ-closed difference fields are exactly κ-saturated. However, pseudofields cannot
be described in terms of axioms of the first order language. Therefore, we obtain
absolutely new objects with absolutely new properties, and κ-closedness is the
desired analogue of κ-saturation.
5 The case of fields
In this section, we will deal with fields and perfect and prime difference ideals
only. The cases of finitely and infinitely many difference indeterminates will be
considered separately. However, the proofs are very similar and we will omit
some of them to avoid a repetition.
5.1 Finitely many indeterminates
Let the countable cardinal be denoted by ω.
Proposition 7. Let K be a field. Consider a polynomial ring K[Y ], where Y
is an arbitrary set of indeterminates. Then every ideal of K[Y ] is generated by
the set of cardinality |Y | × ω.
Proof. If the set Y is finite, then every ideal is finitely generated by the Hilbert
Basis theorem and, thus, the statement holds. Now, we suppose that Y is
infinite. Then |Y | × ω = |Y |. We may suppose that Y = {yα}α∈A and the
set A is well-ordered (we identify the elements of A with the corresponding
ordinals, thus we can speak about the cardinality of α ∈ A). Then the set
{ yα ∈ Y | yα < yγ } will be denoted by Yγ .
Consider subsets Y0, Y1, . . . , Yn, . . . , Yω . Let a ⊆ K[Yω] be an ideal, we set
an = a ∩K[Yn]. It is clear that a = ∪nan. Every ideal an is finitely generated.
Consequently, their union is countably generated. In other words, every ideal
of K[Yω] is countably generated.
Using transfinite induction, we will prove that every ideal in K[Yγ ] is gen-
erated by the set of cardinality |γ|. Consider the case of a successor ordinal.
Suppose that all ideals in K[Yα] are generated by the set of elements of cardi-
nality |α|. Then the rings K[Yα] and K[Yα+1] are isomorphic. Therefore, every
ideal in K[Yα+1] is generated by the set of cardinality |α| = |α+ 1|.
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The case of a limit ordinal. Let Yγ = ∪α<γYα. For every ideal a ⊆ K[Yγ ], we
set aα = a∩K[Yα]. By the induction hypothesis, the ideals aα are generated by
the sets Eα such that |Eα| = |α|. Then a is generated by the set E = ∪α<γEα.
Using [13, Chapter 8, Section 8.3]), we get
|E| 6 |
⊔
α<γ
Eα| 6 |
⊔
α<γ
γ| 6 |γ| × |γ| = |γ|
As we can see, the cardinality of E is not greater than |γ|.
Corollary 8. For each difference field K, every ideal of the ring K{y1, . . . , yn}
is generated by the set of cardinality |Σ| × ω.
Now, we can prove the following result.
Theorem 9. Every difference field K embeds into a difference closed field.
Proof. Construction. The set of all difference finitely generated integral do-
mains over K up to isomorphism will be denoted by B. We construct the
following partially ordered set S. The elements of the set are the pairs
(
⊗
B∈B′
Qt(B), pB′
)
,
where B′ ⊆ B be some subset in B and pB′ be a prime difference ideal in
⊗B∈B′ Qt(B) (all tensor products are taken over K). This set S is partially
ordered with respect to the following order
(
⊗
B∈B′
Qt(B), pB′
)
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(
⊗
B∈B′′
Qt(B), pB′′
)
⇔ B′ ⊆ B′′, pB′′ ∩ ⊗
B∈B′
Qt(B) = pB′ .
From Zorn’s lemma, it follows that there exists a maximal element in S. Let
(
⊗
B∈B
Qt(B), p
B
)
be a maximal element. The residue field of the ideal p
B
will be denoted by K1.
Now, we can repeat this construction with the field K1 instead of K and will
get a field K2, then K3 and so on. Using transfinite induction, we are able to
define the field Kα for every ordinal α. Let γ be the first cardinal greater than
|Σ| × ω. The field Kγ will be denoted by L. We will show that L is a difference
closed field.
Difference closedness. Let t be a proper perfect difference ideal in the
polynomial ring L{y1, . . . , yn}. Then it is contained in some prime difference
ideal p (the proof is as the proof of Proposition 3). The quotient ring
L{y1, . . . , yn}/p
will be denoted by R. By Proposition 8, the ideal p is generated by the set
of cardinality |Σ| × ω. Let E denote the set of generators of p. So, p = (E),
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where |E| 6 |Σ| × ω. Since |Σ| × ω < γ, all elements of E are defined over an
intermediate subfield Kα with α < γ (see the paragraph before Theorem 8.14
of [13, Chapter 8, Section 4]).
The difference ring Kα{y1, . . . , yn}/(E) will be denoted by R0. Then
R = L ⊗
Kα
R0 = L ⊗
Kα+1
Kα+1 ⊗
Kα
R0.
Now, we see that R0 and Kα+1 ⊗ R0 are integral domains because they are
subrings of R. We will show that there exists a difference homomorphism from
R0 to Kα+1 over Kα. For that it suffices to find a difference subring in Kα+1
isomorphic to R0.
Let B be the family of all difference finitely generated integral domains over
Kα up to isomorphism. Then, by the definition of Kα+1, we have B = B
′ ⊔ B′′,
where
Kα+1 = Qt
((
⊗
B∈B′
Qt(B)
)
/pB′
)
.
The ring R0 belongs to B by the definition of B. Let us show that R0 belongs
to B′. Suppose not. Then the pair(
⊗
B∈B′
B ⊗
Kα
R0, pB′ ⊗R0
)
is greater than (
⊗
B∈B′
B, pB′
)
,
a contradiction.
Now, we have the difference homomorphism
R = L⊗Kα+1 Kα+1 ⊗Kα R0 → L⊗Kα+1 Kα+1 = L.
Then the images of the elements y1, . . . , yn give us the desired common zero for
p and thus for t.
5.2 Infinitely many indeterminates
Let κ be a fixed infinite cardinal and Y is a set of cardinality κ. By Proposition 7,
we have the following result.
Proposition 10. For each difference field K, every ideal of the ring K{Y } is
generated by the set of cardinality |Σ| × |Y |.
Theorem 11. Every difference field K embeds into a κ-difference closed field.
Proof. We should repeat the proof of Proposition 9 with some modifications.
Construction. The set of all (up to isomorphism) difference integral do-
mains generated over K by the set of cardinality κ will be denoted by B. We
construct the same partially ordered set S with elements(
⊗
B∈B′
Qt(B), pB′
)
,
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where B′ ⊆ B is some subset in B and pB′ is a prime difference ideal in
⊗B∈B′ Qt(B). And we use the same order. By Zorn’s lemma, there exists a
maximal element in S. Let (
⊗
B∈B
Qt(B), p
B
)
be a maximal element in this set. The residue field of the ideal p
B
will be
denoted by K1. Now, we will repeat this construction with the field K1 instead
of K and will get a field K2, then K3 and so on. Using transfinite induction, we
define a field Kα for every ordinal α. Let γ be the first cardinal greater than
|Σ| × κ. The field Kγ will be denoted by L.
Difference closedness. We should repeat the second part of the proof of
Theorem 9 using κ instead of ω and Proposition 10 instead of Proposition 7.
Remark 12. It should be noted that, if the group Σ is free, then we can suppose
that L is algebraically closed in the previous theorem. There are two ways of
how to show this.
The first one, using the theorem, we obtain a field L0 such that L0 is κ-
closed. Let L′0 be the algebraic closure of L0. Since Σ is a free group, one can
extend the action of Σ to the field L′0. Then we repeat the procedure with L
′
0
instead of K and obtain L1 and its algebraic closure L
′
1 with some action of Σ.
And, if γ is the first cardinal greater than κ, then Lγ = L
′
γ is the desired field.
The second proof. We can repeat the proof of the previous theorem with the
following modifications. At each step, instead of the field Kα, we should choose
its algebraic closure. Since Σ is a free group, one can extend the action of Σ to
the algebraic closure of Kα.
The similar notice holds for difference closed fields, that is, if the group Σ is
free, then every difference field embeds into a difference closed field being alge-
braically closed. In particulary, this is holds in the case of one automorphism,
that is Σ = Z (see [4]).
6 Strong form of the Nullstellensatz for fields
6.1 Finitely many indeterminates
We shall show that, for difference closed fields, there is a bijection between the
difference algebraic varieties and the perfect difference ideals.
Proposition 13. Let K be a difference closed field and A be a difference finitely
generated algebra over K such that the zero ideal is the only perfect ideal of A.
Then A coincides with K.
Proof. The algebra A can be presented as follows
A = K{y1, . . . , yn}/p,
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where p is a maximal perfect ideal. Since K is difference closed, the set V (p) is
not empty. Therefore, there exists a point x ∈ Kn such that p ⊆ I(x). But the
ideal I(x) is perfect. So, p = I(x). Consequently, A coincides with K.
Theorem 14. Let K be a difference closed field. Then, for every perfect dif-
ference ideal t ⊆ K{y1, . . . , yn}, the equality t = I(V (t)) holds.
Proof. The inclusion t ⊆ I(V (t)) holds by definition. Let us show the other one.
Consider the difference algebra A = K{y1, . . . , yn}/t. Let x be an element not
belonging to the ideal t. Let S be the multiplicatively closed set generated by the
elements σ(x) for all σ ∈ Σ. Since t is perfect, S does not meet the ideal t. Then
the ring S−1A is a nontrivial difference ring. By definition, S−1A = A{1/t} is
a difference finitely generated algebra over K. Let n be a maximal perfect ideal
in the ring S−1A. Then, from Proposition 13, if follows that S−1A/n coincides
with K. Let m be the contraction of n to A. Then A/m coincides with K.
Thus, the images of the elements y1, . . . , yn define a point in K
n such that all
elements of t vanish at this point but x does not.
The strong version of the difference Nullstellensatz has another form.
Theorem 15. Let K be a difference closed difference field. Then, for every
subsets E,W ⊆ K{y1, . . . , yn} such that W is finite, if there is a difference field
L containing K and a point x ∈ Ln such that all elements of E vanish at x and
x is not a zero for all elements of W , then there is an element x′ ∈ Kn with the
same property.
Proof. Let p be a prime difference ideal of K{y1, . . . , yn} consisting of all poly-
nomials vanishing at x (so, p contains E and does not meet W ) and A =
K{y1, . . . , yn}/p. Let S be the multiplicatively closed set generated by the el-
ements σ(w) for all σ ∈ Σ and w ∈ W . Then S is stable under the action of
Σ and does not meet p. Thus, the ring R = S−1A is difference generated over
K by images of yi and elements 1/w, where w ∈ W . Therefore, R is difference
finitely generated over K. Let m be an arbitrary maximal difference ideal of R,
then R/m coincides with K because K is difference closed. Thus, the images of
yi in R/m give an element s of K
n such that every element of E vanishes at s
and s is not a zero for all elements of W .
6.2 Infinitely many indeterminates
In this case, the strong form of the Nullstellensatz also holds. Let κ be an
infinite cardinal.
Proposition 16. Let K be a κ-closed difference field and A be a difference K
algebra generated by the family Y over K such that |Y | 6 κ and the zero ideal
of A is the only perfect difference ideal of A. Then A coincides with K.
Proof. The algebra A can be presented in the following form
A = K{Y }/p,
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where p is a maximal perfect ideal. Since K is κ-difference closed, V (p) is not
empty. Hence, there exists a point x ∈ KY such that p ⊆ I(x). But I(x) is a
prefect ideal, so, p = I(x). And, therefore, the ring A coincides with K.
Theorem 17. Let K be a κ-closed difference field and let Y be a set such
that |Y | 6 κ. Then, for every perfect difference ideal t ⊆ K{Y }, the equality
t = I(V (t)) holds.
Proof. The inclusion t ⊆ I(V (t)) follows from definition. Let K{Y }/t be de-
noted by A and x is an element not belonging to the ideal t. Let S be the
multiplicatively closed set generated by the elements σ(x) for all σ ∈ Σ. Then
S is stable under the action of Σ and does not meet the ideal t. The ring
S−1A is a nontrivial difference ring. By definition, we see that S−1A = A{1/t}.
Consequently, S−1A is generated over K by the set Y ∪ {1/t} and we have
|Y ∪ {1/t}| 6 |Y | + 1 6 κ + 1 = κ. Let n be a maximal perfect ideal of the
ring S−1A. Then, from Proposition 16, it follows that S−1A/n coincides with
K. Let m be the contraction of n to A. Then A/m also coincides with K. The
latter means that the images of elements of Y define a point in KY such that
all elements of t vanish at this point but t does not.
As in the case of finitely many indeterminates, the strong version of the
difference Nullstellensatz has another form.
Theorem 18. Let K be a κ-closed difference field and Y is a set of cardinality
κ. Then, for every subsets E,W ⊆ K{Y } such that |W | 6 κ, if there is a
difference field L containing K and a point x ∈ LY such that all elements of E
vanish at x and x is not a zero for all elements of W , then there is an element
x′ ∈ KY with the same property.
Proof. Let p be a prime difference ideal of K{Y } consisting of all polynomials
vanishing at x (so, p contains E and does not meet W ) and A = K{Y }/p. Let
S be the multiplicatively closed set generated by the elements σ(w) for all σ ∈ Σ
and w ∈ W . Then S is stable under the action of Σ and does not meet p. Thus,
the ring R = S−1A is difference generated over K by Y ∪ {1/w | w ∈ W} and
|Y ∪W | 6 κ. Let m be an arbitrary maximal difference ideal of R, then R/m
coincides with K because K is κ-closed. Thus, the image of Y in R/m gives an
element s of KY such that every element of E vanishes on s and s is not a zero
for all elements of W .
7 The case of pseudofields
From this moment, we assume that the group Σ is infinite. The case of finite
group is studied in [15].
7.1 Finitely many indeterminates
We will prove some auxiliary statements before proving the main result.
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Proposition 19. Let γΣ be the cardinal coinciding with the number of all max-
imal filters on Σ. Then, for every pseudofield L, we have | SpecL| 6 γΣ.
Proof. Let m be a prime ideal of L, then the corresponding quotient field will
be denoted by K and pi : L → K will be the quotient homomorphism. Then,
from Proposition 1, it follows that there exists a difference homomorphism
Φ: L → FK such that Φ(a)(e) = pi(a), where e is the identity of Σ. Since
L is a pseudofield, Φ is injective. Moreover, since L is absolutely flat, the map
Spec FK → SpecL is surjective [3, Chapter 3, Exercise 29 and Exercise 30].
Consequently, | SpecL| 6 | Spec FK|. But all prime ideals of FK correspond
to all maximal filters on Σ. So, we have the desired result.
Proposition 20. Every simple difference ring embeds into a pseudofield.
Proof. Let R be a simple difference ring and m be its maximal ideal. Then
the residue field of this ideal will be denoted by K. Let pi : R → K be the
quotient homomorphism. Then, from Proposition 1, it follows that there exists
a difference homomorphism Φ: R → FK such that Φ(a)(e) = pi(a), where e
is the identity of Σ. The ring FK is an absolutely flat difference ring and
let n be a maximal difference ideal in FK. Then L = FK/n is simple and
absolutely flat [3, Section 2, Exercis 28], thus, a pseudofield. The composition
R→ FK → L gives us the desired embedding.
Proposition 21. Let A be a pseudofield, and B and C are nonzero difference
algebras over A. Then the difference algebra B ⊗A C is nonzero.
Proof. Let q be a prime ideal of B, then its contraction to A will be denoted
by p. Since A is a simple difference ring, A is a subring of C. Again, since
A is absolutely flat, the contraction map SpecC → SpecA is surjective [3,
Chapter 3, Exercise 29 and Exercise 30]). Therefore, there exists a prime ideal
q′ in C contracting to p. We will prove that the ring
R = (B⊗
A
C)p = Bp ⊗
Ap
Cp
is not zero. For that we should show that Bp and Cp are not zero.
The prime ideals of Bp corresponds to the preimage of p for the natural map
SpecB → SpecA. By definition, the fibre is not empty. Therefore, SpecBp is
not empty and, thus, Bp is not zero. In the same manner, we prove that Cp is
not empty. Since Ap is a field and algebras Bp and Cp are not zero, the ring R
is not the zero ring.
We will say that a partially ordered set S is κ-Noetherian, where κ is an
infinite cardinal, if every strictly ascending chain of elements of S is of cardinality
less than or equal to κ. Precisely, for every well-ordered set A of cardinality
strictly greater than κ, every monotone function ϕ : A→ S is stationary.
Proposition 22. Let {Sα}α∈A be a family of partially ordered sets and, for
every α, the set Sα is κ-Noetherian. Then the partially ordered set
∏
α∈A Sα is
|A| × κ-Noetherian.
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Proof. Let {xγ} be a strictly ascending chain of S =
∏
α∈A Sα and piα : S → Sα
be the projections to the corresponding factors. We produce the following family
of sets
Tα = { s ∈ Sα | ∃xγ : s = piα(xγ) }.
Since Sα is κ-Noetherian, the cardinality of Tα is less than or equal to κ. We
set X = ⊔αTα. Then, for every element xγ , we define the subset Xγ in X by
the following rule
Xγ =
⊔
α
{ s ∈ Tα | s 6 piα(xγ) }.
We see that the family {Xγ} is a strictly ascending chain in the set of all subsets
of X . So, the cardinality of this chain is not greater than the cardinality of X ,
but |X | = |A| × κ.
Proposition 23. Let γΣ be the cardinal coinciding with the number of all max-
imal filters on Σ. Then, for every pseudofield K, the set RadΣK{y1, . . . , yn} is
|Σ| × γΣ-Noetherian.
Proof. We will prove a more general statement. Namely, we will show that
RadK{y1, . . . , yn}
is |Σ| × γΣ-Noetherian. Let mα be all prime ideals of K, the corresponding
residue fields will be denoted by Fα. Consider the rings
Rα = Rmα = Fα[. . . , σyi, . . .].
Then, for every radical ideal t, we define the family of ideals { (t)mα }. This
family is an element of the partially ordered set
∏
α
Rad(Rα).
The map t 7→ { (t)mα } preserves the order, i.e., from the inclusion t ⊆ t
′, it
follows that, for every α, we have (t)mα ⊆ (t
′)mα . Note that different radical
ideals give different families. Indeed, let t 6= t′. Then there exists an element
x ∈ t \ t′ (or x ∈ t′ \ t). Consequently, there is a prime ideal p containing t′ and
not containing x. Then (t′)p 6= (1) but (t)p = (1).
Hence, the partially ordered set RadK{y1, . . . , yn} can be embedded into the
partially ordered set
∏
αRad(Rα). The set IdRα is Σ-Noetherian by Proposi-
tion 7. Therefore, its subset RadRα is also Σ-Noetherian. Then the desired
result follows from Proposition 19 and Proposition 22.
Corollary 24. Let γΣ be the cardinal coinciding with the number of all maximal
filters on Σ. Then, for every pseudofield K, every radical difference ideal of the
ring K{y1, . . . , yn} can be presented as r([E]), where |E| 6 |Σ| × γΣ.
Theorem 25. Every pseudofield K embeds into a difference closed pseudofield.
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Proof. Construction. Consider the family {Bα } of all (up to isomorphism)
simple difference finitely generated algebras over K. The ring ⊗αBα will be
denoted by R (the tensor products are taken over K). From Proposition 21, it
follows that R is a nonzero difference ring. Let m be a maximal difference ideal
in R. Then, by Proposition 20, it follows that the ring R/m can be embedded
into a pseudofield K1. Using transfinite induction, we obtain pseudofields Kα
for every ordinal α. Let γ be the first cardinal greater than |Σ| × γΣ. Let us
show that L = Kγ is difference closed.
Difference closedness. Let b be a difference ideal in L{y1, . . . , yn}. Then
it is contained in a maximal difference ideal t. The ring L{y1, . . . , yn}/t will be
denoted by B.
From corollary 24, it follows that the ideal t can be presented as r([E]),
where |E| 6 |Σ| × γΣ. The ideal [E] will be denoted by a and the ring
L{y1, . . . , yn}/a
by B′. The nilradical of B′ is the unique pseudoprime ideal of B′. Since cardi-
nality of E is less than γ, there exists an intermediate pseudofield Kα containing
all coefficients of all elements of E. Then
B′ = L ⊗
Kα
Kα{y1, . . . , yn}/[E].
But there is a common zero for E in Kα+1 ⊆ L. Therefore there exists a
difference homomorphism
Kγ{y1, . . . , yn}/[E]→ L.
Consequently, a difference homomorphism of B′ into L. Since L is pseudofield,
the kernel of the latter homomorphism is pseudoprime and, thus, the homo-
morphism factors through B. Therefore, we have a difference homomorphism
B → L. The images of elements y1, . . . , yn define a common zero for b in L
n.
7.2 Infinitely many indeterminates
In this section, we suppose that κ is an infinite cardinal and Y is a set of
cardinality κ.
Proposition 26. Let γΣ be the cardinal coinciding with the number of all
maximal filters on Σ. Then, for every pseudofield K, the set RadΣK{Y } is
|Σ× Y | × γΣ-Noetherian.
Proof. We will show that the set RadK{Y } is |Σ×Y |×γΣ-Noetherian. Let mα
be all the prime ideals of K. The corresponding residue fields will be denoted
by Fα. Let the ring
Rmα = Fα[. . . , σy, . . .].
be denoted by Rα. Then every radical ideal t gives the family of ideals { (t)mα }.
This family is an element of the partially ordered set∏
α
Rad(Rα).
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In the proof of Proposition 23, we obtained that the map t 7→ { (t)mα }
is injective and preserves the inclusions. Therefore, the partially ordered set
RadK{Y } embeds into the set
∏
αRad(Rα). The set IdRα is |Σ×Y |-Noetherian.
Consequently, its subset RadRα is also |Σ × Y |-Noetherian. Then the desired
result follows from Propositions 19 and 22.
Corollary 27. Let γΣ be the cardinal coinciding with the number of all maximal
filters on Σ. Then, for every pseudofield K, every radical difference ideal of
K{Y } can be presented as r([E]), where |E| 6 |Σ× Y | × γΣ.
Theorem 28. Every pseudofield K embeds into a κ-closed pseudofield.
Proof. Construction. Consider the family {Bα } consisting of all (up to iso-
morphism) simple difference K-algebras generated by a set of cardinality κ. As
in the proof of Proposition 25, we take a maximal difference ideal m in ⊗αBα.
Then the ring (⊗αBα)/m embeds into a pseudofield K1. Repeating the process,
we obtain a pseudofield Kα for all ordinals α. We will show that Kγ is κ-closed
if γ is the first cardinal greater than |Σ| × γΣ.
Difference closedness. As in the proof of Theorem 25, we consider a
maximal difference ideal t in L{Y } and B = L{Y }/t.
Using corollary 27 instead of 24, we have t = r[E], where |E| 6 |Σ|× γΣ×κ.
In the same manner, we get
B = L{Y }/a = L ⊗
Kα
Kα{Y }/[E].
Since there is a common zero for E in Kα+1 ⊆ L, we have B = L. Whence, the
images of elements of Y define a common zero for b in LY .
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